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Abstract - This paper presents theoretical results indicating that newly discovered nondiffracting 
beams we call X waves, can propagate in a confined space (wave guide) with specific quantized 
temporal frequencies. These results could have applications in nondispersive transmission of 
acoustic, electromagnetic (microwaves) and optical energy through wave guides as well as 
provide new localized wave functions of de Broglie waves in quantum mechanics.  
 
I. INTRODUCTION 
 
Recently, families of generalized solutions to the isotropic/homogeneous scalar wave equation 
which represent nondiffracting waves have been discovered (Lu and Greenleaf, 1992a). These 
nondiffracting waves are not physically realizable because infinite aperture and energy are 
required to produce them. However, approximate nondiffracting waves can be produced over 
deep depth of field by truncating them in both space and time resulting in possible applications in 
medical imaging and tissue characterization (Lu and Greenleaf, 1990a, 1990b, 1991, 1992b). In 
this paper, it is shown that temporal-frequency quantized nondiffracting X waves can propagate 
in a confined space such as a wave guide, normally highly dispersive devices under appropriate 
boundary conditions. This would allow nondispersive transmission of energy. Shaarawi et al. 
(1989) and Ziolkowski et al. (1991) have shown that the “localized waves” such as Focused 
Wave Modes and Modified Power Spectrum Pulses, etc., can also propagate in wave guides for 
an extended propagation depth. These results are important because they could have applications 
in acoustic and electromagnetic energy transmission, seismology, underwater acoustics, fiber 
optics and microwaves, etc.  
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II. ACOUSTIC WAVES 
 
The propagation of acoustic waves in three-dimensional isotropic/homogeneous media is 
governed by the following scalar wave equation  
2 2 2
2 2 2 2 2
1 1 1( )r
r r r r z c tφ
⎡ ∂ ∂ ∂ ∂ ∂+ + − Φ⎢ ∂ ∂ ∂ ∂ ∂⎣ ⎦
0
⎤ =⎥ , (1) 
 
where 2r x y= + 2  represents radial coordinate, φ  is azimuthal angle,  is axial axis, which is 
perpendicular to the plane defined by r  and 
z
φ ,  is time,  is the speed of sound of the media 
and Φ  represents acoustic pressure or velocity potential which is a function of , 
t c
r φ ,  and t .  z
 
One of the families of the generalized solutions to (1) is given by (Lu and Greenleaf, 1992a):  
0
1( ) ( ) ( ) ( )
2
s T k A f s d d
π
ζ
π
θ θπ
∞
−
k
⎡ ⎤Φ = ⎢ ⎥⎣ ⎦∫ ∫ , (2) 
 
where  
[ ]0 ( , ) cos( ) ( , ) ( , )s k r b k z c k1 tα ζ φ θ ζ ζ= − + ± , (3) 
 
and where  
[ ]21 0( , ) 1 ( , ) / ( , )c k c k b kζ α ζ= + ζ , (4) 
 
where  is any complex function (well behaved) of  and could include the temporal 
frequency transfer function of a radiator system, 
( )T k k
( )A θ  is any complex function (well behaved) of 
θ  and represents a weighting function on θ , ( )f s  is any complex function (well behaved) of , 
and 
s
0 ( , )kα ζ  and ( , )b k ζ  are any complex function of  and k ζ .  
 
2 
If 1( , )c k ζ  in (4) is real, “ ” in (3) represent the waves propagating along the negative and 
positive  directions, respectively (without loss of generality, in the following we consider only 
waves along positive  direction). In addition, 
±
z
z ( )sζΦ  in (2) represents a family of 
nondiffracting waves if 1( , )c k ζ  is independent of the parameter, .  k
 
Selecting the following specific functions, , 0( ) ( ) a kT k B k e−= ( ) n inA i e θθ = , ( ) sf s e= , 
0 ( , ) sin( )k ikα ζ ζ= − , and ( , ) cos( )b k ikζ ζ= , we obtain the nth-order nondiffracting X waves 
(Lu and Greenleaf, 1992a):  
[ ]0 1cos ( )
0
( ) ( sin ) ,  ( 0,  1,  2,  ...)
n
k a i z c tin
X ne B k J kr e dk n
ζφ ζ
∞
− − −Φ = =∫ , (5) 
 
where ( )B k  is any complex function (well behaved) of  and represents the temporal frequency 
transfer function of a radiator system, 
k
/k cω=  and / 2ζ π≤  are parameters which are 
independent of the spatial position, ( cos( ),  sin( ),  )r r r zφ φ=G , and time, , t ω  is angular 
frequency,  is the nth-order Bessel function of the first kind,  is a constant and nJ 0 0a >
1 / cosc c ζ>  is the propagation speed of the X waves.  
 
If  in (1) representing acoustic pressure, an infinitely long cylindrical acoustical wave guide of 
a diameter of  with an infinite rigid boundary which is filled with an isotropic/homogeneous 
lossless fluid medium can be used as an example. In this case, the normal vibration velocity of 
the medium at the wall of the cylindrical wave guide will be zero for all the frequency 
components of the X waves, i.e., 
Φ
a
0
( , ; ) 0
nX
i r t
r
ωρ ω
∂ Φ ≡∂
G , 0ω∀ ≥  at , where 0r = 0ρ  is the 
density of the medium at equilibrium state and ( , ; )
nX
r t ωΦ G  is the X wave component at the 
angular frequency, ω  (see (5)). To meet this boundary condition, the parameter, , in (5) should 
be quantized:  
k
, ( , 0,  1,  2,  ...)
sin
nj
njk n ja
μ
ζ= = , (6) 
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 where njμ  are the roots of the equations  
1
1 1
( ) 0, 0
( ) ( ), 1,  2,  ...n n
J x n
J x J x n− +
= =⎧⎨ = =⎩
. (7) 
 
For the wave guide, the integral in (5) can be changed to a series representing frequency 
quantized nondiffracting X waves:  
[ ]0 1cos ( )
0
( , ) ( ) ( sin ) ,  ,
( 0,  1,  2,  ...)
nj
n
k a i z c tin
X nj nj n nj
j
r t e k B k J k r e r a
n
ζφ ζ∞ − − −
=
Φ = Δ ≤
=
∑G , (8) 
 
where  and 0nk kΔ = 1n 1 ( 1,  2,  3,  ...)nj nj njk k k j+Δ = − = . Unlike conventional guided waves, the 
frequency quantized nondiffracting X waves contain multiple frequencies and propagate through 
wave guides at the speed of  without dispersion. It is noticed that similar results can also be 
obtained for wave guides with other homogeneous boundary conditions such as an infinitely long 
cylindrical acoustical wave guide with a diameter of a  which is composed of 
isotropic/homogeneous lossless media in a free space (vacuum). In this case, the acoustical 
pressure is zero at the boundary of the wave guide, 
1c
r a= , i.e., , ( , 1,  2,  3,  ...)nj n jμ = , in (6) are 
roots of . See Figs. 1 to 3 for an example of the waves in an acoustic 
waveguide.  
( )=0, ( 1,  2,  ...)nJ x n =
 
Now we discuss briefly the implications of (8). If 0n = , (8) represents an axially symmetric 
frequency quantized nondiffracting X wave. Because ( )njB k  in (8) is arbitrary, a source with any 
system transfer function can be used to excite the frequency quantized nondiffracting X waves. 
The X waves in (8) have a finite transverse spatial extension because the radius, , is finite. 
Because the frequency quantized nondiffracting X waves are a superposition of CW waves with 
various frequencies, they are noncausal.  
a
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The frequency quantized nondiffracting X waves will become nondiffracting X waves in the 
limit, that is, if , then  and the summation in (8) becomes an integration which 
represents the nondiffracting X waves. On the other hand, if the confined space is reduced, i.e., 
, both  and . This means that for a small wave guide, only 
high frequency quantized nondiffracting X waves can propagate through it.  
a →∞ 0njkΔ →
0a → njk  ( , 0,  1,  2,  ...)njk n jΔ →∞ =
 
Additional nondiffracting waves with quantized parameters could also propagate in the confined 
space. For instance, let  or ( | ) 0r asζ =Φ ≡ ( | ) 0r asr ζ =
∂ Φ ≡∂ , we have (see (2) and (3)):  
1 1( ) ( | ) 0 or ( ) ( | ) 0
2 2r a r a
A k f s d A k f s d
r
π π
π π
θπ π=− −
∂ θ=≡ ≡∂∫ ∫ , (9) 
or 
( | ) 0 or ( | ) 0r a r af s f sr= =
∂≡ ≡∂ . (10) 
 
If  in (4) is real and independent of , and (9) and (10) are satisfied for discrete  and 1c k k θ , (2) 
represents a family of generalized parameter-quantized nondiffracting waves by replacing the 
integrals with series.  
 
II. ELECTROMAGNETIC WAVES 
 
The free-space vector wave equations (obtained from the free-space Maxwell’s equations, 
Meyer-Arendt, 1972) are given by:  
2
2
2 2
1 0EE
c t
∂∇ − =∂
GG
, (11) 
and 
2
2
2 2
1 0HH
c t
∂∇ − =∂
GG
. (12) 
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where E
G
 and H
G
 are electric and magnetic field strength, respectively, and  is a Laplace 
operator. An solution to (11) can be written as:  
2∇
( , ) ( , ) z i tE r t E r eγ ωφ −=G GG , (13) 
 
where  represents a point in the space, ( , , )r x y z=G ω  is angular frequency, iγ β=  is a 
propagation constant, 2 2 0ck kβ = − >  (for propagation waves), /k cω=  is a wave number,  
is the speed of light, and 
c
( , )E r φG  is a solution of the transverse vector Helmholtz equation:  
2( , ) ( , ) 0cE r k E rφ φ⊥∇ +
G G =
z
, (14) 
 
where  is the transverse Laplace operator and  is a parameter which is independent of ⊥∇ ck
,  ,  r φ , and t . 
 
For transverse magnetic (TM) waves, from (14) we have:  
2( , ) ( , ) 0z c zE r k E rφ φ⊥∇ + = , (15) 
 
where ( , )zE r φ  is the  component of the vector z ( , )E r φ
G
. 
 
If we let sinck k ζ= , where 0 / 2ζ π< <  is a constant, we obtain solutions of (15) of order n;  
0( , ) ( ) ( sin ),  ( 0,  1,  2,  ...)
n
kain
z nE r e B k e J kr n
φφ ζ−= = . (16) 
 
Nth-order nondiffracting X wave solution can be constructed from Eq. (16) by including the 
exponential term of (13) and integrating over  from 0 to k ∞ : 
0 1[ cos ( )]
0
( , ) ( ) ( sin ) ,  ( 0,  1,  2,  ...)
nX
k a i z c tin
z nE r t e B k J kr e dk n
ζφ ζ
∞
− − −= =∫G , (17) 
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where “X” means “X wave”.  
 
Because (17) is the same as (5), the frequency quantization procedures for (5) can also be applied 
to (17). Suppose that the electromagnetic X waves are traveled in vacuum in a totally conductive 
cylindrical wave guide with a radius of  (i.e., a ( , ) 0
nXz
E r t ≡G  at r a= ), we have:  
[ ]0 1cos ( )
0
( , ) ( ) ( sin ) ,  ,
( 0,  1,  2,  ...)
nj
nX
k a i z c tin
z nj nj n nj
j
E r t e k B k J k r e r a
n
ζφ ζ∞ − − −
=
= Δ ≤
=
∑G , (18) 
 
where  are given by (6), and  ( , 0,  1,  2,  ...)njk n j = ( , 0,  1,  2,  ...)nj n jμ =  in (6) are roots of 
. Other components of (x)=0 ( 0,  1,  2,  ...)nJ n = E
G
 and the magnetic field strength, H
G
, can be 
derived from  using the free-space Maxwell’s equations. They have the same speed, , 
as . For transverse electric (TE) waves, results would be similar.  
( , )zE r t
G
1c
zE
 
III. DE BROGLIE’S WAVES 
 
The general nonrelativistic, time-dependent, and three-dimensional Schrodinger wave equation is 
given by (Sandin, 1989):  
2
2
2
V i
m t
∂Φ− ∇ Φ+ Φ = ∂
= = , (19) 
 
where / 2h π==   is the Plank constant,  is mass of particle, h m Φ  is wave function of the de 
Broglie’s waves and V  is a potential energy function of the system. For free-particles, 0V = , we 
obtain:  
2
2
2
i
m t
∂Φ− ∇ Φ = ∂
= = . (20) 
 
It is easy to prove that if ( ) sf s e= , (2) is an exact solution of (20), where  
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2 2
0
1
( , ) ( , )
( , )
2 ( , )
a k b k
c k
i mb k
ζ ζζ ζ
⎡ ⎤+⎣= = ⎦ . (21) 
 
Let 0 ( , ) sink ikα ζ ζ= −  and ( , ) cosb k ikζ ζ= , where we assume that 2 /k π λ=  is wave number 
and λ  is the wavelength of the de Broglie’s waves, from (21), we obtain:  
1( , ) 2 cos
kc k
m
ζ ζ=
= . (22) 
 
Because , where  is momentum, and where v  is the speed of particle, (22) 
becomes  
k p== p mv=
1
( )( , )
2cos
v kc k ζ ζ= . (23) 
 
Let  and 0( ) ( ) a kT k B k e−= ( ) n inA i e θθ = , and use (23), from (2), we obtain an nth-order 
nondiffracting X wave solution to (20)  
[ ]0 1cos ( )
0
( ) ( sin )
( 0,  1,  2,  ...)
n
k a i z c ts in
X ne B k J kr e d
n
ζφ ζ
∞
− − −Φ =
=
∫ k . (24) 
 
(24) is the same as (5) except that the expression for  is different. This means that 1c n
s
XΦ  could 
be a new wave function of a free particle in the free space.  
 
With a finite transverse spatial extension (such as a free particle passing through a hole of finite 
aperture), the wave function 
n
s
XΦ  in (24) would change (spread or diffract) after certain distance 
behind the hole. However, if the nondiffracting X waves in (24) is quantized in temporal 
frequency under the boundary conditions discussed in the previous sections (such as particles 
pass through a pipe), the frequency quantized nondiffracting X wave functions of the particles 
would propagate in the confined space without modifying their complex waveforms:  
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[ ]0 1cos ( )
0
( , ) ( ) ( sin ) ,  ,
( 0,  1,  2,  ...)
nj
n
k a i z c ts in
X nj nj n nj
j
r t e k B k J k r e r a
n
ζφ ζ∞ − − −
=
Φ = Δ ≤
=
∑G , (25) 
 
Because the wavenumber, k , in (25) is quantized, the momentum, p k= = ; and the energy of the 
particles are quantized in the confined space. The probability of finding a particle in the confined 
space would be proportional to *( , )[ ( , )]
n n
s s
X Xr t r tΦ ΦG G , where “*” represents complex conjugate.  
 
IV. DISCUSSION 
 
a. Possible Relationship between Waves and Particles  
 
Because of the fact that the frequency quantized nondiffracting X waves are localized and are 
also solutions of the nonrelativistic Shrodinger wave equation for free particles (the potential 
energy function of the system is zero), they might have some intrinsic relationship with particles. 
The free choice of the parameter, , could increase the localization of the frequency 
quantized nondiffracting X waves.  
0 0a >
 
b. Interaction between Light and Materials  
 
The light in free space behaves like a wave, but acts as particles (photons) when interacts with 
materials. The microscopic structures of the materials could be considered as some kind of 
optical wave guides within which the light waves are confined. From the above discussion of the 
nondiffracting X waves in a confined space, it is understood that only the light waves which have 
higher energy (or frequency) can penetrate the materials to cause the interaction.  
 
V. SUMMARY 
 
The generalized nondiffracting waves discovered recently can propagate in a confined space with 
quantization of some parameters. This is of interest because they are localized and could be 
applied to acoustic, electromagnetic, and optical wave guides for energy transmission.  
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 NOTE  
 
This paper was first written in July 25, 1991 by Dr. Jian-yu Lu who, at that time, was working at 
Mayo Clinic, Rochester, MN, USA. The paper was revised on March 7, 1992 after it was proof 
read by Dr. James F. Greenleaf. However, this paper has never been published. Upon the request 
by Dr. Erasmo Recami, this paper was sent to him on January 20, 2000. Later, he had 
acknowledged this paper in his 2001 Physical Review E paper (see the Acknowledgements 
Section below). To provide a reference, Dr. Jian-yu Lu is going to place this paper in arXiv 
unmodified from the version of March 7, 1992. Therefore, this paper represents the views and 
results (correct or incorrect) of Dr. Jian-yu Lu of that time.  
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 Fig. 1. Envelope detected Zeroth-order X Wave in a 50 mm diameter rigid acoustic waveguide. 
The waves shown has an Axicon angle of 4o and  = 0.05 mm. (a) and (c) Band-limited version 
with a Blackman window function centered at 3.5MHz with about 81% of fractional -6dB 
bandwidth. (b) and (d) are a broadband version. The images in the top row are in a linear scale 
and those in the bottom row have a log scale to show the sidelobes.  
0a
 
Fig. 2. The same as those in Fig. 1 except that the images are zoomed horizontally around the 
center.  
 
Fig. 3. Transverse ((1) and (3)) and axial sidelobe ((2) and (4)) plots of the images in Fig. 1. ((1) 
and (2)) and Fig. 2. ((3) and (4)), respectively. Solid and dotted lines are for band-limited and 
broadband cases.  
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Fig. 2. 
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X WAVE IN A 50 MM WAVE GUIDE
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 Fig. 3. 
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